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Our approach to the solution of the Schrödinger Equation for 
many-fermion systems has been extensively revised.  We have 
devised a generalization of  “acceptance/rejection” that applies 
to signed random walkers.  We have introduced a new class of 
importance functions for two walkers that better reflects the 
structure of the enlarged Euclidean space of the pair.  For 
greater flexibility, we no longer rely on the “local energy” of 
the importance function to determine the dynamics of the 
walk.  We sketch these technical changes and give new results 
for the two-dimensional electron gas. 

Introduction 

This paper is a progress report on our research in Fermion Monte Carlo, 
which is aimed at developing a method for solving many-fermion problems that 
is efficient in the spirit of Monte Carlo methods, that is polynomial in particle 
number, and that uses no uncontrolled approximations. 

 
The phrase “no uncontrolled approximations” is often used in a somewhat 

ambiguous way.  We propose the following criteria: 
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1. Any calculation should produce an error estimate.  In a Monte 
Carlo calculation, the statistical error is not sufficient: what is 
required is an internal estimate of the difference between the 
expected value and the correct answer to the physical or 
mathematical model being solved. 

 
2. The results should agree with known exact results or with reliable 

experimental data if available. 
 

3. The computer time required to reduce the total error by some 
fraction should be a polynomial of low degree in the ratio of errors. 

 
 
The criteria deserve further discussion.  Criterion 2. can hardly be 

controversial; perhaps a reminder is needed that experimental results can be 
wrong or wrongly interpreted.  

The desirability of criterion 3. is clear, but often ignored: many 
computations can be carried through to an apparently satisfactory level of 
agreement with other results, but can only be further improved at great cost, 
either because of an approximation essential to the computation, a combinatorial 
explosion in an expansion or a set of basis functions,  or because of the inherent 
computational complexity of the method.  Nevertheless, we restrict the term “no 
uncontrolled approximations” to methods that satisfy it. 

Criterion 3. is clearly the most stringent.  Many numerical calculations—
and purely theoretical work as well—require physical, mathematical, or 
numerical approximations to be feasible.  We do not assert that such calculations 
are invalid.  Indeed, in the work described below and elsewhere we make two 
well-known approximations-- neglect of relativistic effects and fixing the 
nuclear positions.  The effect of these can be accurately estimated.  Our 
argument is that a numerical solution of the non-relativistic Schrödinger 
equation for a many-electron system that has no uncontrolled approximations 
would be a tremendously valuable asset to the theory of electronic structure.  
Since corresponding methods for the ground state of many-boson systems exist 
and have also proved valuable, it is natural to seek the analog for many-fermion 
systems. 

It is the notorious “fermion sign problem” that makes the extension 
difficult.  Perhaps another digression is worth while.  If one defines a “sign 
problem” in Monte Carlo as the degradation of statistical efficiency because of 
the presence of negative signs, then there are many “sign problems.”  Some are 
provably intractable;  some are clearly trivial or can be transformed away. 

The sign problem that arises in treating the Schrödinger equation for many-
fermion systems is not trivial, but it is not known to be intractable. 
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The standard way to treat such systems within the framework of Quantum 
Monte Carlo1 is to impose the “fixed-node approximation,”2 namely to choose 
an antisymmetric trial function and to follow walkers that diffuse only in 
domains in which that function does not change sign.  If one removes the fixed-
node constraint, then the Monte Carlo estimates of the numerator and 
denominator of the energy quotient degenerate exponentially fast to zero with 
statistical errors that asymptotically dominate their mean values.  This behavior 
reflects the fact that the distributions of the random walkers converge to that of 
the symmetric ground state in which the averages of antisymmetric test 
functions are zero. 

The difficulty is not simply technical; it reflects some deep challenges.  
These can be characterized in several ways that may be clues about how to cure 
them. 

One way of describing the problem is that the random walk that solves the 
Schrödinger equation is “local.”  All decisions about the dynamics are based on 
the position of a walker.  But the Pauli principle is global in character;  it 
connects the properties of a physically acceptable solution at distinct points 
usually well separated in configuration space.  Reconciling the random walk 
with antisymmetry seems to require some action at a distance. In effect, this is 
what the fixed-node restriction does, at the cost of an uncontrolled 
approximation.  

We introduce walkers with algebraic signs: a positive walker adds its 
contributions (which may have either sign) to numerator and denominator of the 
energy quotient.  A negative walker subtracts its contributions.  The use of such 
signed walkers does nothing in itself to avoid the asymptotic decay of signal to 
noise as described above.  If these walkers diffuse independently then the 
distributions of both populations will approach that of the symmetric ground 
state.  But there is now an opportunity to ameliorate that decay by changing the 
dynamics.  Clearly, the two walkers must obey different dynamics; at the least 
they must follow different guiding functions.  If not, then, in the long run the 
two populations will have the same distributions (corrected for the effect of 
importance sampling) namely that of the symmetric ground state. 

Another opportunity for improvement lies in the possibility of canceling 
walkers of opposite signs against each other, while leaving unchanged the 
projections with antisymmetric test functions.  While this is straightforward in 
principle, it is effective only when the walkers are close to each other, and close 
pairs become exponentially rare in high-dimensional space— i.e. for large 
particle numbers. 

Correlating the dynamics of two random walkers makes it possible to cancel 
walkers efficiently even for many-body systems. 

Our research3  has been motivated by the expectation that this sign problem 
can be solved in an effective way, using these and perhaps other techniques. 
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Importance functions 

Let  φA(R)  and φS(R) be approximate wave functions for the antisymmetric 
and symmetric ground states of our system.  Now define 

).()()()(),(

;)()()(

|;)(|)()()()(

22

1

2

00

22

1

2

+!!!++!+

±

""+""=#

+="

+±+="

RRRRRR

RRR

RRRRR

GSSG

ASS

AAASG

g

ggg

$$

$$$$

 

The parameters gk are adjusted to achieve stability and minimize the 
variance of the fermion energy. 

 
Note that  Φ±

G  and Ψ have cusps at the nodes of  φA(R) .   An alternative to 
Φ±

G  with no cusps is  
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where  ∇ φA(R)  measures the change of  φA(R)  needed to smooth the cusp. 
The following properties hold for any an odd permutation P. 
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then 

 
 
 
 

 
These last inequalities state that if both the positive and negative walkers 

are in their favorable “pockets,” then the importance functions Ψ are decreased 
when odd permutations are applied to either or both sets of coordinates in either 
order. 

In practice, the function Ψ was modified further to reflect the fact that 
cancellation of close walkers means that the importance must vanish as they 
approach each other.  Consideration of the diffusion process with cancellation 
suggests the following form: 
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As indicated above,  in the computations reported here,  the drift and 
branching for the basic diffusion Monte Carlo was carried out using the 
symmetric trial function φS(R).  This takes care of cusps associated with the 
physical potentials—here Coulomb potentials.  Then after a pair of walkers is 
advanced by means of drift, correlated diffusion, symmetric branching, 
cancellation, and “ repairing,”  the new pairs are branched again on the basis of 
the ratio of ΨC before and after. 

It is useful to review here the technique involved in correlating the two 
walkers.  The diffusion step for any walker requires generating a 3N-
dimensional vector U+ whose components are drawn independently from a 
Gaussian distribution of mean zero and variance δτ,  the increment in imaginary 
time.  That  is,  a positive walker is moved from  S+  to R+  by    
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 Acceptance/Rejection Dynamics 

 
We review here a few basics of DMC dynamics and show how it can be 

generalized to take into account acceptance/rejection, correlated diffusion, and 
cancellation.  We use the simple unsymmetric short-time propagator 
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Cancellation of walkers means that the algebraic density of walkers of 
opposite signs that is generated by means of G0 can be canceled if they are close 
enough.  When importance sampling is used, what is cancelled is the density 
unweighted by the importance function.  So a pair of walkers (Rk

+, Rk
-) 

generates an unweighted net density at R given by  
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  Using  “acceptance/rejection” means replacing  the propagator G by 

(13) 

(12) 
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where A(R,S) is the probability that a move proposed from S to R is accepted, 
and pr is the total probability that moves from  S are rejected.  We separate 
positive  and negative parts of the density by applying the identity 
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We find the following propagators for the positive and negative parts of the 
future density: 
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Results for the two-dimensional electron gas 

We have carried out a set of computations for the two-dimensional electron 
gas at rs = 1.  The symmetric trial function, φS(R), was simply an electron-
electron Jastrow product, and the antisymmetric function, φA(R), was φS(R)  
times a Slater determinant of plane waves.  Recall that in the present form of our 
methods, there can be linear dependence in time step and noticeable dependence 
on population size, so that a substantial computing effort is required.  Results are 
summarized in Table 1 and compared with a calculation by  Kwon,  Ceperley,  
and  Martin4   (which included backflow in the determinant basis functions). 

Table 1.  Energy per particle for the two-dimensional electron gas at rs  = 1 

Ne  FMC(1)  FMC(2)  DMC 
                 10                      -0.4582(10) 
                 26                      -0.3910(17)          -0.3908(17)          -0.3910(12)* 
 
                                                                                                                  *  Released node4 

 
FMC(1) refers to a set of calculations with importance functions with cusps; 
FMC(2) to a set without cusps.  The fact that these  agree with each other and 
with the reliable released node computation4  is a strong verification of the 
correctness of our method. 

Table 2.  Efficiency vs. electron number 

                   Ne                    Computing time per step*          Figure of merit* 

                   10                           0.018                                   0.0077  
                   26                           0.101                                   0.016        
                                                                                                                          * Arbitrary  relative  units 
 

 
In Table 2, we show  the decline in the computational efficiency as electron 

number, increases from 10 to 26.  The “figure of merit” is the product of the 
variance of a typical run by  the aggregate computing time for that run.  It is 
notable that this measure of efficiency decreases only by a factor of two as the 
electron number doubles.  Preliminary results show a modest increase for 58 
electrons;  we are in the process of revising our programs to treat larger electron 
systems even more efficiently. 
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